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Abstract This article is a translation of Michael Sadowsky’s original paper “Die
Differentialgleichungen des MO¨BIUSschen Bandes.” in Jahresbericht der Deutschen
Mathematiker-Vereinigung 39 (2. Abt. Heft 5/8, Jahresversammlung vom 16. bis 23.
September), 49–51 (1929), which is a short version of his paper “Theorie der elastisch
biegsamen undehnbaren Ba¨nder mit Anwendungen auf das MO¨BIUS’sche Band” in
3. internationaler Kongress fu¨r technische Mechanik, Stockholm, 1930.
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Translation of the original paper
In a previously completed work, Sadowsky [1] provided a proof for the existence of
a developable MO¨BIUS band and provided a variational context for the underlying
geometric problem. In the present work, the problem of determining the equilibrium
shape of a MO¨BIUS band formed from an elastic strip is treated as a static mechanical
problem.
Let P denote an arbitrary point on the midline of the MO¨BIUS band, let s denote
the arclength of the mid-line, let t, n, and b denote the accompanying vector triad at
P, and let K and W denote the curvature and twist of the midline at P. Considering
⋆ Citations of this translation should refer also to Sadowsky’s original paper, as cited in the Abstract.
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a cut perpendicular to the midline at P, the stresses along the line of the cut may be
reduced to a force K and a moment M both acting at P.
The representations of K and M relative to the triad t, n, and b shall be denoted
as
K= T t+Nn+Bb, (1)
and
M= Tt+Nn+Bb. (2)
From a mechanical perspective, the band is defined through the following three re-
quirements:
1. The band is an object with distinguished midline.
2. The vector triad t, n, and b accompanying the midline is material.
3. The midline is inextensible.
(The second requirement results from the band being part of the rectifying surface of
its midline).
Applying a virtual deformation to the band and invoking the Frenet–Serret for-
mulas results in
dδϑ = (tδW +bδK)ds, (3)
and in
δds = 0, (4)
where δϑ is the virtual rotation of the vector triad at P.
The following considerations hold only for infinitesimally narrow bands.
The virtual work of the internal forces is1
δAi =−
s2∫
s1
(TδW +BδK)ds. (5)
The mean curvature H of the band surface at P is1
H =
K2 +W 2
2K
. (6)
The elastic potential E of the band is proportional to the square of the mean
curvature (granted the presumption that the band surface is a developable surface)
E = A
(K2 +W2)2
K2
. (7)
Since δAi =−
s2∫
s1
δEds and, in view of (5) and (7), it follows that
T=
∂E
∂W = A
4W (K2 +W 2)
K2
(8)
1 HAMEL, ¨Uber die Mechanik der Dra¨hte und Seile, Sitzungsberichte der Berliner Mathematischen
Gesellschaft, XXV, 1925/26. Also HAMEL Die Axiome der Mechanik, Handbuch der Physik, heraus-
gegeben von H. GEIGER und KARL SCHEEL, Band V. In the latter work further references may be found.
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and
B=
∂E
∂K = A
2(K4−W 4)
K3
, (9)
where A is a positive material constant. The six components appearing in (1) and (2)
satisfy six known equilibrium equations.1 Using (8) and (9), those equations read


T = A
(
C− (K
2 +W2)2
K2
)
,
N =−
A
K
d
ds
(K2 +W2)2
K2
,
B =
2AW
K3
(K2 +W2)2 + 4A dds
(
1
K
d
ds
W (K2 +W2)
K2
)
,
N=
4A
K
d
ds
W (K2 +W2)
K2
,
(10)
and 

KT +
dN
ds −WB = 0,
WN +
dB
ds = 0,
(11)
where C is an arbitrary constant of integration.
If the expressions (10) were to be used in (11), two differential equations for K
and W , respectively, would result. The integration of these equations would yield the
natural midline of the band. Equations (8), (9), (10), and (11) shall be referred to as
the equations of the MO¨BIUS band.
The midline of the band possesses a singular point X that can be found in the
following way: a MO¨BIUS band possesses a symmetry axis defined such that it is
congruent with itself after a rotation of 180◦ about that axis. The symmetry axis
intersects the band at two points such that the axis coincides with the binormal b at
one of these points; this is the point X .
Let ϕ denote the angle between the rectilinear generators of the band through the
point P and b; then1
tanϕ = W
K
. (12)
For the point X ,
B= 0 (13)
due to symmetry.
To arrive at an additional conclusion, consider an experiment with a band model:
this shows that
lim
P→X
ϕ 6= 0, (14)
lim
P→X
T 6= 0. (15)
The experiment corresponding to (14) consists of observing a band; for (15), one
needs to cut the boundaries of a band at X to infer the moment T from the twist
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of the band in the weakened cross-section. From (13), (14), (15), and the governing
equations (8) and (9) of the band it transpires that
lim
P→X
K 6= 0, lim
P→X
W 6= 0, and lim
P→X
ϕ = 45◦. (16)
The last limit in (16) points to the following peculiar fact:
A MO¨BIUS band consists of a planar, right triangle. The curved, analytic portion
of the band connects continuously with the two legs of the right triangle; it connects
with continuous tangential plane, but with discontinuous curvature.2
References
1. M. Sadowsky, Ein elementarer Beweis fu¨r die Existenz eines abwickelbaren Mo¨biusschen Bandes
und die Zuru¨ckfu¨hrung des geometrischen Problems auf ein Variationsproblem, Sitzungsberichte der
Preussischen Akademie der Wissenschaften, physikalisch-mathematische Klasse 22, 412–415 (1930)
2 For an interpretation of the last section of Sadowsky’s original paper including figures generated from
recent numerical simulations, refer to D. F. Hinz and E. Fried, Translation and interpretation of Michael
Sadowsky’s paper “Theory of elastically bendable inextensible bands with applications to the MO¨BIUS
band”, submitted to Journal of Elasticity (2014).
